We investigate coherent control of single particles held in a bipartite optical lattice via a combined high-frequency modulation. Our analytical results show that for the photon resonance case the quantum tunneling and dynamical localization depend on the phase difference between the modulation components, which leads to a different route of the coherent destruction of tunneling and a simple method for stabilizing the system to implement the directed transport. The results could be referable for manipulating the transport characterization of the similar tilted and shaken optical or solid-state systems, and also can be extended to the many-particle systems.
I. INTRODUCTION
Quantum control of tunneling processes of single particles plays a major role in different areas of physics and chemistry [1] [2] [3] ranging from Shapiro steps in Josephson junctions [4] to the control of chemical reactions via light in molecules [5] . As early as 1986, Dunlap and Kenkre studied theoretically the quantum motion of a charged particle on a discrete lattice driven by an ac field [6] , and found the surprising result that particle transport can be completely suppressed when ratio of the strength and the frequency of the ac field takes some special values. This effect of dynamical localization (DL) was later found to be associated with the coherent destruction of tunneling (CDT) [2, 7] at a collapse point of the Floquet quasienergy spectrum [8] , and has also been observed in different systems [9] [10] [11] [12] . There has been growing interest in the quantum control of electrons in semiconductor superlattices or arrays of coupled quantum dots from both theoretical and experimental sides [2, [13] [14] [15] [16] . Most of the DL and CDT of the electronic systems are generic and also can occur in atomic [8] [9] [10] 17] and optical [11, [18] [19] [20] systems.
Recently, different routes to CDT were found by considering, respectively, the priori prescribed number of bosons of a many-boson system [21, 22] , the distinguishable intersite separations of a bipartite lattice [24, 25] , the variable driving symmetry of a two-frequency driven particle in a double-well [12, 26] , and the different combined modulations to a two-level system [27] . The CDT mechanism has been applied to different physical fields such as the quantum transition in ultracold atomic systems [28, 29] , the directed transport in a bipartite lattice [24, 25] , and the design of quantum tunneling switch based on a planar four-well [30] . It is worth noting that the CDT mechanism can also be applied to coherently control instability of a periodically driven system [31] . * ron.khai@gmail.com † whhai2005@yahoo.com.cn
Stability of a quantum state has been recognized long ago during the heyday of quantum mechanics. In the sense of Lyapunov, by the instability of a solution we mean that the initially small deviations from the given solution grow without upper limit that could lead to destruction of the solution behavior. Therefore, investigation on the stability is important for the practical application. The instability of the periodically driven lattice systems has been investigated [32, 33] . It is found that stability of the systems depends on signs of the effective tunneling rates of two nearest-neighbor barriers such that one can stabilizes the systems by tuning the effective tunneling rates. Here our aim is finding a new route of CDT and supplying a simple stabilization method for transporting single particles in a driven bipartite lattice. The coherent control of an ac driven particle in a lattice with a single intersite separation has been investigated widely in the nearest-neighbor tight binding (NNTB) approximation [6, 34, 35] . More recently, a bipartite lattice or double-well train with two different intersite separations [23] is applied to induce the ratchetlike effect [24, 25] , to transport quantum information [36] and to realize two-qubit quantum gates [37] . The periodic modulation is usually applied to the potential tilt (bias) between the lattice sites [6, 34, 35] or the tunnel coupling [38] [39] [40] . For an analytically solvable two-site system, combined modulations have been applied to produce the exact solutions [27, 41] . The periodic modulation can be performed in a nonadiabatic [24, 36] or adiabatic manner [23, 42] .
In this work, we consider single particles held in an optical bipartite lattice with two different separations a and b and driven by a combined modulation of two resonant external fields with a phase difference between the bias and coupling. In the high-frequency regime and NNTB approximation, we derive an analytical general solution for the probability amplitude of the particle in any localized state in which the characterization of quantum tunneling and stability depend on the phase difference between the modulation components. A new route of CDT and a simple method for stabilizing the system to perform the directed transport are found by adjust-ing the phase difference adiabatically [23, 42] or nonadiabatically [24, 36] . Such a phase-adjustment may be more convenient in experiments compared to the usual amplitude-and frequency-modulations. The results can be tested with existing experimental setups on the periodically tilted and shaken optical lattices and could be applied to simulating the similar optical systems [18, 19] and solid-state systems [15, 35] . At the end of the paper, we suggest a scheme for extending the results to a many-particle system.
II. GENERAL SOLUTION IN THE HIGH-FREQUENCY REGIME
We consider a driven and tilted bipartite lattice
x with time-periodic lattice depths [36, 40] V j (t) and potential tilt [9, 28] g(t) between the lattice sites, which consists of the tilted long lattice of wave-vector k L and short lattice of wave-vector 2k L . Such a lattice can be realized experimentally by a periodically shaken optical lattice [40] , and by imposing a phase modulation to one of the standing wave component fields [9] or by moving the position of a retroreflecting mirror which is mounted on a piezoelectric actuator [28] . A single particle is initially placed near the lattice center, as shown in Fig. 1 , where the different separations a and b are adjusted by the laser wave vector k L and amplitudes. Here we have selected a suitable initial time t 0 and phase difference φ between V j (t) and g(t) to make g(t 0 ) = 0 and V j (t 0 ) = 0. Quantum dynamics of such a system is governed by the Hamiltonian [24, 33] 
Here (i, j) means the nearest-neighbor site pairs, J(t) = J 0 + δJ cos(mωt − φ) for m = 0, 1, 2, ... denotes the tunnel coupling [38] [39] [40] and E (t) = E 0 cos(ωt) is the potential tilt [6, 9] , where J 0 is a constant, δJ, E 0 and ω are the driving intensities and frequency, m = 0 means the photon resonance. Signs b † j and b j are, respectively, the particle creation and annihilation operators in the site j. The spatial locations of the nth lattice sites read x n = n(a + b)/2 for even integer n, and x n = (n + 1)a/2 + (n − 1)b/2 for odd n. To simplify, we have set = 1 and normalized energy and time by ω 0 and ω −1 0 with ω 0 being a fixed reference frequency in order of J 0 . The parameters J 0 , δJ and (E 0 x n ) are in units of ω 0 with x n being normalized by the fixed reference length l 0 ∼ 1µm. Thus all the parameters are dimensionless throughout this paper.
Letting |n be the localized state at the site n, we expand the quantum state |ψ(t) as the linear superposition |ψ(t) = n c n (t)|n . Combining this with Eq. (1), from the time-dependent Schrödinger equation of the probability amplitudes [33, 42] iċ
where the dot denotes the derivative with respect to time.
To solve Eq. (2), we make the function transformation c n (t) = A n (t) exp(iE 0 ω −1 x n sin ωt) which leads Eq.(2) to the form
In this equation, we have defined
We focus our attention on the situation of highfrequency regime with ω ≫ 1. The selective CDT has been illustrated analytically and numerically under this limit [24] . We shall give a general analytical solution of the system, which reveals the phase-controlled CDT and directed transport. Note that in Eq. (3), A n (t) may be treated as a set of slowly varying functions of time, and the coupling function
is a rapidly oscillating function. Thus the function F (t, △ n ) in Eq. (3) can be replaced by its time-average
which just is the effective tunneling rate with
be the mth Bessel function of the first kind [33] . Similarly, the time-average of F (t, −△ n−1 ) = J(t)e −i△n−1sin ωt in Eq. (3) reads F (m, φ, −△ n−1 ), which is evaluated from Eq. (4) by using −△ n−1 instead of △ n . For an even (odd) n, F (m, φ, △ n ) and F (m, φ, −△ n−1 ) are associated with the effective tunneling rates of the lattice separations a (b) and b (a), respectively. Clearly, they may be real or complex, corresponding to the even or odd m. Given Eq. (4),
In the case of infinite-site lattice, we can construct the exact general solution of Eq. (5) by applying the discrete Fourier transformation
with A e and A o being the sums of even terms and odd terms respectively in the Fourier series. It should be reminded in the calculations that △ n =
ink dk, we immediately obtain the general solution of Eq. (5) as [6, 33] A n (t) = 1 2π
Here f (k) takes the form
|f (k)| and f * (k) are the corresponding modulus and complex conjugate, α(k); β(k) are adjusted by the initial conditions. Without loss of generality, let the initially occupied state be |ψ(t 0 = 0) = |N with a fixed integer N , namely the initial conditions read A N (0) = 1, A n =N (0) = 0. Combining the conditions with the discrete Fourier transformation and general solution of A(k, t) produces
The final equation is derived from the initial conditions and Eq. (5). Solving the two equations of α(k) and β(k) yields
Given the general solution (6), we can investigate the general transport characterization for the different initial conditions |ψ(t 0 ) and the different nonzero effective tunneling rates F (m, φ, △ n ) and F (m, φ, −△ n−1 ). In the general cases, the particle may be in the expanded states or localized states, depending on the system parameters.
III. UNUSUAL TRANSPORT PHENOMENA
We are interested in the unusual transport phenomena such as the DL, CDT, instability and directed transport. It will be found that such unusual phenomena can be controlled under the initial condition |ψ(t 0 ) and for some special parameter sets with different phases. The routes for implementing the phase-controlled transport are very different, compared to that of the previously considered case δJ = 0 with a constant tunneling rate J 0 [24, 33] .
Phase-controlled CDT. The CDT conditions mean the zero effective tunneling rates F (m, φ, △ n ) = F (m, φ, −△ n−1 ) = 0 in Eq. (5), and f (k) = 0 in Eq. (7) . Substituting the latter into Eq. (6), the probability amplitude becomes a constant A n (t) = A n (t 0 ) determined by the initial conditions for any n, which means the occurrence of CDT. Inserting the CDT conditions into Eq. (4), we get J 0 J 0 (△ n ) + δJ cos φ 0 J m (△ n ) = J 0 J 0 (△ n−1 ) + δJ cos φ 0 J m (△ n−1 ) = 0 for an even m, and
for an odd m. Therefore, we can arrive at or deviate from the CDT conditions by fixing the parameters m, J 0 , δJ, △ n , △ n−1 and adjusting the phase to arrive at or deviate from the phase φ 0 . In the general case, J 0 (△ n ) = J 0 (△ n−1 ), the above CDT conditions imply −δJ cos φ/J 0 = J 0 (△ n )/J m (△ n ) = J 0 (△ n−1 )/J m (△ n−1 ) for an even m. For example, applying the parameters J 0 = 1, δJ = 0.8, m = 2 to the CDT conditions produces the required values △ n ≈ 2.01717, △ n−1 ≈ 5.37977. Adopting these parameters, we plot the effective tunneling rates as functions of phase, as in Fig. 2 . It is shown that the effective tunneling rates are tunable by varying the phase, and the CDT conditions F (m, φ, △ n ) = F (m, φ, −△ n−1 ) = 0 are established at the phase φ = φ 0 ≈ 2.4.
As a simplest example, we can fix the lattice separations a, b and tune the ratio E 0 /ω to obey
Thus we can achieve the CDT by varying value of the phase to φ 0 = π/2 for an even m or to φ 0 = 0 for an odd m. The phase modulations may be performed in a nonadiabatic [24, 36] or adiabatic manner [23, 42] .
Phase-controlled DL. The DL conditions mean one of the two effective tunneling rates vanishing. When F (m, φ, −△ n−1 ) = 0 and |ψ(0) = |N are set, from Eqs. (7) and (8) we obtain the constant |f (k)| = |F (m, φ, △ n )| and the periodic functions α(k)
Inserting these into Eq. (6) produces the probability 
They describe Rabi oscillation of the particle between the localized states |N and |N +1 with oscillating frequency
Similarly, taking F (m, φ, △ n ) = 0 leads to the probability amplitudes
which describe Rabi oscillation of the particle between the localized states |N and |N − 1 with oscillating frequency ω 2 = |F (m, φ, −△ N −1 )|. Here the DL conditions and the different oscillating frequencies are modulated by the phase for a set of other parameters. Phase-controlled instability. Now we prove that the solutions of Eq. (5) are unstable under the condition
for the phase φ = φ c . In fact, when Eq. (12) is satisfied, Eq. (5) can be written as
with τ = 2iF (m, φ, △ N )t, whose general solution is well-known as A n (τ ) = B n J n (τ ) + D n N n (τ ) with J n (τ ) and N n (τ ) being the Bessel and Neuman functions respectively, and B n , D n the expansion coefficients determined by means of the initial conditions. For the complex variable τ with nonzero imaginary part, the asymptotic property lim τ →∞ A n (τ ) = ∞ implies the instability of the solutions. Obviously such an instability can be controlled by tuning the phase to arrive at or deviate from φ c in the condition (12) , as shown in Fig. 3(a) .
Phase-controlled directed transport. For a set of given parameters J 0 , δJ, △ n and △ n−1 , we define two different phases φ 1 and φ 2 to obey
for an even m, which result in the selective CDT between the localized states |n and |n − 1 or between the localized states |n and |n + 1 , respectively. By nonadiabatically tuning the phase to alternately change between φ 1 and φ 2 just after the two different time intervals T 1 = π/ω 1 and T 2 = π/ω 2 , the original tunneling rate becomes the continuous and piecewise analytic function
... The instability condition (12) will be reached in each process changing phase from φ i to φ j for i, j = 1, 2. As an example, this is indicated by φ c in Fig. 3(a) for the parameter set J 0 = 1, δJ = 0.8, m = 2, ω = 30, △ n = 2, △ n−1 = 2.2, where Eqs. (12) and (13) give φ c ≈ 2.17, φ 1 ≈ 1.93 and φ 2 ≈ 2.49, and the Rabi frequencies and half-periods of Eqs. (10) and (11) 
.2914, respectively. The corresponding adjustment to the tunneling rate J(t, φ) = 1 + 0.8 cos(60t + φ) is exhibited in Fig. 3(b) for the time interval including t = T 1 , which only transforms the phase of J(t, φ) from φ 1 to φ 2 and does not change its magnitude. Clearly, at the time t = T 1 + T 2 , the tunneling rate will change from J(t, φ 2 ) to J(t, φ 1 ). By repeatedly using such operations, the initially stable Rabi oscillation is broken under the conditions (12) , then the instability is suppressed by the conditions (13) with phase φ 1 or φ 2 such that the particle is forced to transit repeatedly between the two stable oscillation states |ψ n (t) = A n |n + A n+1 |n + 1 and |ψ n ′ (t) = A n ′ |n ′ + A n ′ +1 |n ′ + 1 with the amplitudes and frequencies of Eqs. (10) and (11) for (n, n ′ ) = (N, N + 1); (N + 1, N + 2) ; ... that lead to the directed motion toward the right [24, 33] . Because the phasetransformation does not change the magnitude of J(t, φ), it supplies a more convenient method to manipulate the directed transport, which is different from the previous magnitude-modulation of the coupling [36] .
IV. CONCLUSIONS AND DISCUSSIONS
We have investigated the coherent control of single particles held in the bipartite lattice with two different separations a and b and driven by a combined modulation of two resonant external fields with a phase difference between the bias and coupling. In the high-frequency regime and NNTB approximation, we derive an analytical general solution of the time-dependent Schrödinger equation, which quantitatively describes the dependence of the tunneling dynamics on the phase difference between the modulation components. It is demonstrated that a new route of CDT or DL can be formed by tuning the phase to make two or one of the effective tunneling rates of the lattice separations a and b vanishing. When the two effective tunneling rates are adjusted to go through the values of the same magnitude and opposite signs, the system loses its stability. The phase-controlled selective CDT enables the system to be stabilized and the directed tunneling of the particle to be coherently manipulated. In the process of control, the appropriate operation times are fixed by the two tunneling half-periods.
Experimentally, the periodic modulation of tunneling rate was realized through a variation of the lattice depth [40] . The phase-adjustment of the periodic shaking can be implemented adiabatically or nonadiabatically, and may be more convenient compared to the usual amplitude-and frequency-modulations. The directed tunneling is related to the ratchetlike effect of quantum particles, which can be tested with existing experimental setups on the periodically tilted and shaken optical lattices and could be well suited to simulating the similar optical systems [18, 19] and solid-state systems [15, 35] , e.g. a periodically tilted and shaken chain of coupled quantum dots.
Particularly, in the NNTB approximation, the results can be extended to controlling the directed motion of a many-particle system. The possible experiment can begin by loading a Bose-Einstein condensate into the long lattice of wave-vector k L , then one can tune the lattice depths to make the atomic sample in the Mott insulating state with a single atom per well [39, 40] , so the interparticle onsite interaction is neglectable. Further one can divide every well into a double well by ramping up the short lattice of wave-vector 2k L and tilt the doublewell train, that achieve the load of single atoms into the "left" sides of tilted double wells [40] with distances among particles being equal to the separation summation a + b. Thus we can apply the DL or CDT conditions to suppress pairing or bunching the particles, and make the couple between nearest-neighbor double-wells the neglectable so that the above-mentioned results, such as the phase-controlled DL, CDT and directed transport, hold for the many-particle system. In the DL conditions, every particle of the many-body system synchronously performs the Rabi oscillation in one of the double-wells that generates a macromolecule-like in the bipartite lattice. While the directed transport of the many particles will form a stronger particle current, compared to the single particle case.
